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Optimized Heralding Schemes for Single Photons
Yu-Ping Huang, Joseph B. Altepeter, and Prem Kumar
Center for Photonic Communication and Computing, EECS Department
Northwestern University, 2145 Sheridan Road, Evanston, IL 60208-3118
A major obstacle to a practical, heralded source of single photons is the fundamental trade-off
between high heralding efficiency and high production rate. To overcome this difficulty, we propose
applying sequential spectral and temporal filtering on the signal photons before they are detected
for heralding. Based on a multimode theory that takes into account the effect of simultaneous
multiple photon-pair emission, we find that these filters can be optimized to yield both a high
heralding efficiency and a high production rate. While the optimization conditions vary depending
on the underlying photon-pair spectral correlations, all correlation profiles can lead to similarly high
performance levels when optimized filters are employed. This suggests that a better strategy for im-
proving the performance of heralded single-photon sources is to adopt an appropriate measurement
scheme for the signal photons, rather than tailoring the properties of the photon-pair generation
medium.
PACS numbers: 42.50.Dv,03.67.-a,03.65.Ta
I. INTRODUCTION
The performance of many single-photon based applica-
tions, such as optical quantum computing [1] and quan-
tum cryptography [2], critically depends on the ability
to create single photons in pure spatiotemporal states
and at high rates. There exist two basic types of single-
photon sources to fulfill this need. The first is based
on anti-bunched emission from single-emitter systems,
such as atoms [3], ions [4], molecules [5], semiconduc-
tors [6], and quantum-dots [7]. The second is based on
“heralding,” in which one photon (the “signal”) is de-
tected and used as a trigger to herald the presence of a
paired photon (the “idler”). Sources of this type have
been demonstrated mainly in guided nonlinear media,
such as χ(2) waveguides [8–13] and χ(3) fibers [14–17].
Heralded sources using guided media have one key ad-
vantage that the photons are generated in a single well-
defined spatial mode, as opposed to a mixture of modes
in the case of single-emitter sources. Single photons pro-
duced in mono-mode fibers via heralding, in particular,
can be losslessly coupled into standard telecom fibers [18].
They thus have the potential to be a valuable resource
for networked quantum information processing capable
of harnessing the existing fiber-based telecommunications
infrastructure.
Although heralded single-photon sources have several
advantages, it is challenging to achieve simultaneously a
high single-photon purity (i.e., high heralding efficiency)
and a high production rate, as such sources are con-
strained by a fundamental trade-off between the two. For
example, a common method for achieving high purity
is to apply narrowband spectral filtering to the signal
photons before they are detected [18–22]. This method
rejects most of the usable pairs, resulting in a low single-
photon production rate. An alternate method is to use
spectrally-factorable photon-pair states [12, 13, 16, 23–
27]. In such a method, however, one has to wait for a
relatively long time before a second short-duration pho-
ton can be heralded. As a result, the repetition rate of
the heralded single-photon creation is restricted, result-
ing in a relatively low production rate.
To overcome these difficulties, we have recently pro-
posed a new approach to heralding pure single photons
which does not rely on narrowband filtering or factorable
photon-pair states [28]. The idea is to apply appropriate
spectral and temporal filtering to the signal photons, so
that when detected, they collapse onto a single spectral
(temporal) state. Based on a simplified model, neglecting
the effect of simultaneous multiple photon-pair emission,
we have demonstrated via simulation that both a high
purity and a high production rate can be simultaneously
achieved, regardless of the spectral correlation properties
of the paired photons.
In this paper, we extend our previous study [28] to in-
clude the effect of multiple photon-pair emission. Our
goal is to identify the appropriate spectral and temporal
filters for the various photon-pair correlations, for which
the trade-off between high heralding efficiency and high
production rate is optimally mitigated. To this end, we
develop a multimode theory which describes the heralded
creation of single photons in the presence of multipair
emission. We then use the theory to numerically opti-
mize the spectral and temporal filter widths for a vari-
ety of photon-pair correlations. The results reveal that
while the optimization conditions vary for different cor-
relations, the final performance using optimized filters is
always quite similar. This interesting fact suggests that
the key to achieving high performance in the heralded
creation of single photons is to apply an appropriate mea-
surement scheme to the signal photons. This approach
is distinctly superior to the much recent effort that has
been devoted to tailoring the phase-matching properties
of nonlinear media in order to obtain spectrally factorable
photon-pair states [12, 13, 16, 23–27].
The paper is organized as follows: we present the mul-
timode heralding theory in Sec. II, study the optimization
of measurement schemes in Sec. III, and then conclude
2briefly in Sec. IV.
II. MULTIMODE THEORY OF HERALDING
SINGLE PHOTONS
In this section we develop a multimode theory model-
ing the heralded creation of single photons that generally
applies to χ(2) waveguides and χ(3) fibers [29]. In this
model, photon pairs are created via spontaneous para-
metric down conversion (SPDC) or spontaneous four-
wave mixing (SFWM) driven by pulsed pumps. The sig-
nal photons are passed through spectral and temporal
filters before being measured by an on-off detector [30].
A “click” of the detector heralds the presence of at least
one idler photon. For the sake of computational simplic-
ity, we assume a rectangular-shaped spectral filter with
an angular-frequency bandwidth 2piB, where B is in Hz.
For the temporal filter, we consider a rectangular shut-
ter with a T -second time window that is shorter than
the inherent time resolution of the detector. Such a time
shutter can be built using, for example, an ultrafast all-
optical quantum switch [31, 32].
We first compute the output photon-pair states from a
waveguide or a fiber pumped by ligh pulses. Linearized
around perfect phase-matching frequencies [24], the effec-
tive Hamiltonian describing photon-pair generation via
SPDC or SFWM is given in the undepleted-pump ap-
proximation by [33, 34]
Hˆ(z) = ~κ
∫
dνs dνi φ(νs + νi)e
i(βsνs+βiνi)z
×aˆ†s(νs)aˆ†i (νi) + H.c. (1)
Here, κ is proportional to the pair-generation efficiency;
2piνs and 2piνi are the angular-frequency detunings of
the signal and idler photons, respectively, from the
phase-matching frequencies; and the sum-frequency pro-
file φ(νs + νi) is determined by the pump spectrum. For
this paper we consider
φ(νs + νi) = e
−(νs+νi)
2/2σ2 , (2)
where 2σ is the profile bandwidth in Hz, which equals
the full width at e−1 (e−2) maximum of the pump spec-
trum in the case of SPDC (SFWM). In Eq. (1), βs,i are
related to the group-velocity dispersion of the signal and
idler photons, respectively; and aˆ†s(νs) and aˆ
†
i (νi) are the
creation operators, respectively, for the signal and idler
photons, satisfying [aˆp(νp), aˆ
†
q(ν
′
q)] = δp,qδ(νp − ν′q) for
p, q = s, i. With this Hamiltonian, the quantum state of
the output photon pairs from a source of length L can be
obtained perturbatively via
|Ψ〉 = |vac〉 − i
~
∫ L/2
−L/2
dz Hˆ(z)|vac〉 (3)
− 1
~2
∫ L/2
−L/2
dz
∫ z
−L/2
dz′ Hˆ(z)Hˆ(z′)|vac〉+ . . .
After some algebra, we find to the second-order in per-
turbation that
|Ψ〉 = N|vac〉 − iκL
∫
dνs dνi Φ
(1)(νs, νi)|νs, νi〉
+ i(κL)2
∫
dνs dνi dν
′
s dν
′
i
× Φ(2)(νs, ν′s, νi, ν′i)|νs, ν′s, νi, ν′i〉, (4)
where the coefficient N is determined self-
consistently such that |Ψ〉 is normalized. The
states |νs, νi〉 ≡ aˆ†s(νs)aˆ†i (νi)|vac〉 and |νs, ν′s, νi, ν′i〉 ≡
aˆ†s(νs)aˆ
†
s(ν
′
s)aˆ
†
i (νi)aˆ
†
i (ν
′
i)|vac〉 represent the bases con-
taining a single and double pairs of photons, respectively.
Φ(1)(νs, νi) and Φ
(2)(νs, νi) are the joint two-photon
(single-pair) and four-photon (double-pair) spectral
functions, respectively, defined as
Φ(1)(νs, νi) = φ(νs + νi)sinc (µsνs + µiνi) , (5)
Φ(2)(νs, ν
′
s, νi, ν
′
i) =
φ(νs + νi)φ(ν
′
s + ν
′
i)
2(µsν′s + µiν
′
i)
(6)
×
[
sinc[µs(νs + ν
′
s) + µi(νi + ν
′
i)]
− e−i(µsν′s+µiν′i)sinc (µsνs + µiνi)
]
,
where µs,i = βs,iL/2 are phase-matching coefficients.
From Eq. (4), the probability to generate photon pairs
is
P = (κL)2p+ (κL)4p2 (7)
with
p =
∫
dνs dνi |Φ(1)(νs, νi)|2. (8)
We next model the heralding stage. Existing studies
have been based on the Schmidt-decomposition analysis,
in which the joint two-photon spectral function (5) is ex-
panded onto a set of orthogonal Schmidt modes. The
purity of heralded single-photon states is then estimated
from the expansion coefficients [13, 23, 24, 27]. This anal-
ysis, however, is inapplicable to photon-pair states con-
taining more than one pair of photons. Moreover, it is
not physically rigorous because such Schmidt modes in
general are not the eigenmodes of the measurement appa-
ratus for the signal photons. Instead, a rigorous analysis
must be developed following the quantum-measurement
postulate, where a detection event collapses the signal-
photon state onto an eigenstate of the measurement ap-
paratus. For the present setup, such eigenstates corre-
spond to a set of time- and bandwidth- limited modes
that are chosen by following the standard procedure for
the detection of band-limited signals over the measure-
ment time [35, 36]. In the frequency domain, the mea-
surement eigenstates containing one and two photons are
3given by [28, 37]
|1〉m =
∫ B/2
−B/2
dνs ϕm(c, νs)|νs〉, (9)
|2〉m = 1√
2
∫ B/2
−B/2
dνs
∫ B/2
−B/2
dν′s
× ϕm(c, νs)ϕm(c, ν′s)|νs,ν′s〉, (10)
wherem = 0, 1, . . . is the order number of the eigenstates,
and c = piBT/2 is a dimensionless parameter determining
the mode structure. The mode function
ϕm(c, νs) =
√
(2m+ 1)
B
S0m(c,
2νs
B
), (11)
where {Snm(x, y)} are the angular prolate spheroidal
functions. Its corresponding eigenvalue is
χm(c) =
2c
pi
(
R
(1)
0m(c, 1)
)2
≤ 1, (12)
where R
(1)
nm(c, x) is the radial prolate spheroidal function.
Ordering χ0(c) > χ1(c) > χ2(c) · · · ,m = 0 represents the
fundamental detection mode of our interest.
With the eigenstates (9) and (10), the positive
operator-valued measure (POVM) for registering signal
photons by an on/off detector is given by
Pˆon =
∑
m
(
ηm|1〉mm〈1|+ (2ηm − η2m)|2〉mm〈2|
)
(13)
+
∑
m<m′
(ηm + ηm′ − ηmηm′)|1〉mm〈1| ⊗ |1〉m′m′〈1|,
where ηm = ηχm(c) and η is the total detection efficiency
including transmission losses and the inherent quantum
efficiency of the detector. In arriving at this POVM, we
have assumed that at most two photons reach the detec-
tor simultaneously, consistent with our previous approx-
imation that at most two pairs of photons can be cre-
ated per pump pulse. Furthermore, we have neglected
the effects of both dark counts and after-pulsing in the
detector.
With Pˆon in Eq. (13), the probability of a detector click
is computed via Ps = Tr{Pˆon|Ψ〉〈Ψ|}s,i, where the trace
is carried over both the signal and idler photon states.
From Eqs. (4)–(6) and (9)–(13), we obtain
Ps = (κL)2P(1)s + (κL)4P(2)s , (14)
where
P(1)s =
∑
m
ηm
∫
dνi|ψm(νi)|2, (15)
P(2)s =
∫
dνi dν
′
i
( ∑
m<m′
(ηm + ηm′ − ηmηm′) (16)
×|ψm,m′(νi, ν′i)|2 +
∑
m
(ηm − η2m/2)|ψm,m(νi, ν′i)|2
)
.
Here, ψm(νi) and ψm,m′(νi, ν
′
i) are the (un-normalized)
heralded one-photon and two-photon wavefunctions for
the idler photons, respectively, defined as
ψ(1)m (νi) =
∫ B/2
−B/2
dνs ϕm(c, νs)Φ
(1)(νs, νi), (17)
ψ
(2)
m,m′(νi, ν
′
i) =
∫ B/2
−B/2
dνs
∫ B/2
−B/2
dν′s Φ
(2)(νs, ν
′
s, νi, ν
′
i)(
ϕm(c, νs)ϕm′(c, ν
′
s) + ϕm(c, ν
′
s)ϕm′(c, νs)
)
. (18)
From Eqs. (7) and (14), the detection efficiency of sig-
nal photons, i.e., the probability for the signal-photon
detector to click given that at least one photon pair is
emitted, is given by
Ds = Ps
P
. (19)
After a detector click, one or more idler photons are her-
alded, whose reduced density matrix is given by ρˆi =
Tr{Pˆon|Ψ〉〈Ψ|}s/Ps, where the trace is carried over the
signal-photon states only. After some algebra, we obtain
ρˆi =
(κL)2P(1)s
Ps ρˆ
(1)
i +
(κL)4P(2)s
Ps ρˆ
(2)
i , (20)
where ρˆ
(1)
i and ρˆ
(2)
i are the normalized reduced den-
sity matrices describing the idler-photon states contain-
ing one and two photons, respectively. They satisfy
Tr{ρˆ(1),(2)}i = 1. For the one-photon density matrix,
we explicitly obtain
ρˆ
(1)
i =
1
P(1)s
∑
m
ηm
∫
dνi dν
′
i ψm(νi)ψ
∗
m(ν
′
i) |νi〉〈ν′i|.
(21)
In order to characterize the properties of the heralded
photons, we expand ρˆ
(1)
i onto a set of eigenstates {|n〉i},
where ρˆ
(1)
i =
∑∞
n=0 λn|n〉ii〈n|, with ordered eigenvalues{λi} such that λ0 > λ1 > λ2 · · · . We then compute
the heralding efficiency H defined as the probability of
finding the idler photon in the single-photon state |0〉i
upon a detector click. From Eq. (20), we obtain
H = P
(1)
s
P(1)s + (κL)2P(2)s
λ0. (22)
We note that there is an alternate definition of heralding
efficiency, which is the probability that an idler photon
can be detected after heralding. That definition, how-
ever, does not capture the quality of the heralded photons
and some measurement giving the purity of the heralded
state must be specified. In contrast, the metric H defined
in Eq. (22) captures both the detection efficiency and the
purity of the heralded photons.
The other important characteristic is the maximally-
achievable production rate R of the heralded photons,
which can be defined as
R = (κL)
2P(1)s + (κL)4P(2)s
Tmin
, (23)
4where Tmin is the minimum amount of time required for
a single heralding cycle. In practice, it is given by the
largest of the following: the detection window T , the
temporal length of the pump pulses, the temporal length
of the signal photons after the filter, and the underly-
ing pulse length of the heralded state |0〉i. For practical
considerations, in this paper we define explicitly
Tmin = max[T, 4τp, 4τs, 4τ0], (24)
where τp, τs, and τ0 are the coherence times of the pump
pulses, the filtered signal photons, and the heralded state
|0〉i, respectively (see Ref. [33] for an explicit definition
of the coherence time).
From Eqs. (22) and (23), it is clear that there is an in-
herent trade-off between the heralding efficiency H and
the single-photon production rate R. Indeed, for given
pump bandwidth σ, phase-matching coefficients µs,i, fil-
tering bandwidth B, and measurement window T , the
values of P(1)s , P(2)s , and Tmin are fixed. Then, R in-
creases monotonically with κL. In contrast, H decreases
monotonically with κL, due to the growing background
emission of multiple photon pairs. Hence, one must sac-
rifice the production rate R for a higher heralding effi-
ciency H, or vice-verse.
Lastly, in the weak pumping regime where almost all
single-photon sources operate in, the probability of emit-
ting multiple photon pairs is much smaller than that of
emitting a single pair. Thus to a good approximation,
H =
(
1− (κL)2P
(2)
s
P(1)s
)
λ0, (25)
R = (κL)2 P
(1)
s
Tmin
. (26)
Hence, the trade-off between H and R is approximately
linear.
III. OPTIMIZATION OF HERALDING
Using the multimode theory developed in the previous
section, we now study the optimization of measurement
schemes for the best heralding performance in the pres-
ence of various photon-pair spectral correlations. This
involves numerically identifying the appropriate spec-
tral and temporal filtering windows which simultaneously
maximize the heralding efficiency H and the production
rate R.
We first consider the photon-pair state (4) with µs =
µi = 0. This state exists approximately in a variety of
photon-pair sources where the bandwidths of the phase-
matching spectra are much broader than those of the
pump and the signal spectral filter [38, 39]. The two-
photon (single-pair) state in this case is not factorable
according to the Schmidt decomposition analysis, with
the degree-of-factorization K → 0 in the limit of large
B [40]. In Fig. 1 we plot the resulting heralding effi-
ciency H versus the production rate R for various B.
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FIG. 1. (Color online) H as a function of R for various B,
shown for a non-factorable state with µs = µi = 0. The bot-
tom line represents the result when a highly-factorable state
with µs = 25/σ and µi = 0 is used but neither spectral nor
temporal filtering is applied.
For the sake of comparison, for each B we choose T to
maximize R while fulfilling H ≥ 0.99 in the weak-pump
limit. Such chosen T ’s in fact lead to an overall optimal
trade-off behavior for 0.9 . H . 0.99, as we will show
later in this section. As shown in Fig. 1, for each B, H
decreases monotonically with R, exhibiting the trade-off
effect. The optimal trade-off, represented by the topmost
H-R curve in the figure, is achieved with B = 0.95σ. For
larger or smaller B’s, the H-R curves fall below the op-
timum, showing reduced heralding performance.
For comparison, in Fig. 1 we have also plotted the re-
sult obtained for a factorable two-photon state without
applying any spectral or temporal filtering [13, 23, 24,
27]. We have chosen µs = 25/σ and µi = 0 such that in
the weak-pump limit the heralding efficiency H = 0.99.
These phase-matching parameters correspond to the sig-
nal photon traveling at a much slower group velocity than
the pump pulse, while the idler photon travels at the
pump-pulse velocity. In the joint two-photon spectrum,
the underlying two-photon state corresponds to an ellipse
squeezed along the axis of the signal-photon frequency
[26]. As shown, the heralding performance in this case
is lower than is achievable with the non-factorable state
by applying spectral and temporary filtering. This result
suggests that the use of factorable states alone does not
lead to an optimized trade-off between H and R.
For the second example, we analyze the heralding per-
formance using the photon-pair state (4) with µs = 10/σ
and µi = 0. The two-photon state in this case, similar
to that described in the previous paragraph, corresponds
to an ellipse in the joint two-photon spectrum. It is fac-
torable according to the Schmidt decomposition, with
the degree-of-factorability K = 1.03. In Fig. 2, we plot
H versus R for different B’s, where, again, for each B
we optimize T to maximize R while fulfilling H ≥ 0.99
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FIG. 2. (Color online) Similar to Fig. 1, but shown for a
factorable photon-pair state with µs = 10/σ and µi = 0.
in the weak-pump limit. As shown, a qualitatively sim-
ilar trade-off behavior is found between H and R as in
Fig. 1. The optimal heralding performance, represented
by the topmost H-R curve, is achieved with B = 0.6σ.
For smaller B’s, the trade-off degrades rapidly. Note
that for B = 0.2σ, the H-R curve falls below the ref-
erence curve obtained for a highly-factorable state with
µs = 25/σ, µi = 0, and no filtering. This suggests that
for factorable states, too much spectral filtering lowers
the heralding performance. For larger B’s, on the other
hand, the trade-off behavior degrades only slowly. Note,
however, if no filtering is applied, the heralding perfor-
mance will be quite low, as discussed in the previous
paragraph.
Comparing Figs. 1 and 2, we see that for a similar
filter-bandwidth B, the trade-off behavior between H
and R is different for different photon-pair correlations.
By applying the optimized measurement for each corre-
lation, however, the best trade-off behavior that can be
achieved turns out to be quite similar, as evidenced by
the similarity between the topmost curves in Figs. 1 and
2. This result suggests that there is no inherent relation
between the achievable heralding performance and the
spectral-correlation properties of the photon pairs used
for heralding. To show this clearly, in Fig. 3(a) we plot
the production rate R0 as a function of B for different
pair correlations, with the pump power chosen such that
the heralding efficiency H = 0.95 in each case. As shown,
for µs = µi = 0, R0 is peaked at B = 0.95σ, for which
the optimal rate Ropt0 = 0.0013σ is achieved. To ob-
tain this optimum, the time window is set at T = 1.1/σ.
The single-pair generation rate is 5.7% per pump pulse
(the double-pair rate is 0.32%) and the heralding repe-
tition rate is 1/Tmin = σ/2.7. The detection probability
Ds, assuming a total detection efficiency of η = 10%,
is 5.9%. For B < 0.95σ, the system enters the narrow-
band spectral filtering regime whereR0 decreases rapidly
with B. In the opposite broadband filtering regime where
B > 0.95σ, T must be quite small in order to achieve a
high heralding efficiency [28]. In effect, the system is
then operated in the tight temporal-filtering regime [41]
with R0 decreasing for increasing B. Hence, for non-
factorable states, very tight spectral or temporal filtering
will lead to poor trade-off behavior between the herald-
ing efficiency and the production rate. Only for an ap-
propriate combination of moderate spectral and tempo-
ral filtering can both high heralding efficiency and high
production rate be simultaneously achieved.
In Fig. 3(a), for the factorable state with µs = 10/σ
and µi = 0, the optimal production rate Ropt0 = 0.0016σ
is achieved with B = 0.6σ. At this optimum, the single-
pair emission rate is 8.9% per pump pulse (the double-
pair rate is 0.8%) and the heralding repetition rate is
σ/3.2. The detection window T = 3.2/σ and the detec-
tion efficiency Ds = 5.3% for η = 10%. For B < 0.6σ,
R0 decreases rapidly with B. On the other hand, for
B > 0.6σ, R0 decreases relatively slowly when B in-
creases. This behavior shows that a precise control of
spectral filtering is not required for factorable photon-
pair states. In comparison, for a less factorable state
with µs = 2.6/σ and µi = 0, a similar behavior is shown
in Fig. 3(a) but with Ropt0 = 0.0014σ that is achieved at
B = 0.85σ.
Also in Fig. 3(a), we have plotted the results for an-
other type of factorable photon-pair states, which, in-
stead of ellipses, correspond to circles in the joint two-
photon spectrum [23]. We consider two states of this
type. The first is with µs = −1.33/σ and µi = 0.45/σ,
which could be created in potassium-titanyl-phosphate
waveguides [25]. As shown, the optimal Ropt0 = 0.0014σ,
which is achieved with B = 0.85σ. The second state cor-
responds to µs = −1.3/σ and µi = 1.3/σ, which could be
generated in photonic-crystal fibers [24]. As shown, the
optimal Ropt0 = 0.0012σ, achieved with B = 0.7σ.
As seen in Fig. 3(a), while the optimization conditions
vary significantly with the type of spectral correlations
present in the photon pairs, the optimized single-photon
production rates are more or less the same regardless
of the correlation properties. This result suggests that
by adopting optimized filtering, any spectral correlation
can lead to a similarly high heralding performance. In
other words, increasing the factorability of the underlying
photon-pair states would not (significantly) improve the
heralding performance. To clearly show this, in Fig. 3(b)
we plot Ropt0 versus the purity Pr = 1/K of the two-
photon (single-pair) states calculated via the Schmidt
decomposition [40]. Each of the data points (1)-(5) corre-
spond to the photon-pair states (1)-(5) listed in Fig. 3(a).
Point (6) is the result for the highly-factorable photon-
pair state with µs = 25/σ and µi = 0, without applying
any spectral or temporal filtering. As shown, despite
a large variance in the factorability of the photon-pair
states, ranging from Pr = 0 to Pr ≈ 1, the maximum
production rates remain nearly the same when the opti-
mized measurement is employed for each correlation. For
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0
versus the photon-pair purity Pr.
a highly-factorable state but without filtering, in con-
trast, Ropt0 is much smaller, as shown by the data point
(6) in Fig. 3(b).
Thus far, we have studied the optimization of measure-
ments for heralding by surveying B. For each B, we have
chosen T to maximize R while maintaining H ≥ 0.99 in
the weak-pump limit. Such B and T , strictly speaking,
may not give the maximum R for every H, or vice-versa.
In practice, however, the figure-of-merit for a single-
photon source is the relation betweenR andH, which ul-
timately limits the performance of a single-photon-based
application. A well-known example is the BB84 quantum
cryptography, where the obtainable fresh-key generation
rate is limited fundamentally by the trade-off between
the quantum-bit-error rate, which is determined by H,
and the raw-key rate, which is determined by R [42].
A goal of this paper is thus to study how to optimally
mitigate the R-H trade-off in order to achieve the best
performance in such applications.
To show that the optimal trade-off behavior is indeed
achieved, in Fig. 4 we plot H versus R for various choices
of B and T , with µs = µi = 0 as considered in Fig. 1.
For B = 0.95σ and T = 0.7/σ, H approaches 0.995 in
the limit of small R. However, it decays rapidly as R
increases. Hence, a small T is superior for pair genera-
tion at very-high heralding efficiencies but low production
rates. For B = 0.95σ and T = 2.3/σ, in contrast, H is
0.97 in the smallR limit. Yet, it decays more slowly with
R. A large T is thus advantageous for pair generation
at relatively lower heralding efficiencies but higher pro-
duction rates. A moderate T , therefore, will give rise to
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FIG. 4. (Color online) The heralding efficiency H as a func-
tion of the single-photon production rate R for µs = µi = 0
and a variety of B’s and T ’s.
a more balanced trade-off behavior in the two regimes.
For T = 1.1/σ, in particular, the H-R curve is close to
optimal in both regimes, exhibiting good overall herald-
ing performance. In Fig. 4 we also plot the results for a
variety of B’s and T ’s. Comparing all the plotted curves
confirms that our choice of B = 0.95σ and T = 1.1/σ
indeed globally optimizes the heralding performance for
0.9 . H < 0.99. Lastly, we have similarly validated our
optimization method for the other types of photon-pair
correlations considered above.
IV. CONCLUSION
We have developed a multimode theory for the descrip-
tion of heralded generation of single photons using waveg-
uide or fiber-based photon-pair sources. Our theory takes
into account the background emission of multiple photon
pairs during each pump pulse, as well as the multimode
nature of the time-bandwidth-limited measurements of
photonic signals. Based on this theory, we have numeri-
cally identified the optimized measurement schemes that
give rise to the best heralding performance in the pres-
ence of various photon-pair correlations. Interestingly,
we have discovered that with the optimized measure-
ment, similar heralding performance can be achieved irre-
spective of the spectral-correlation property of the used
photon-pair source. This suggests that instead of tai-
loring the photon-pair sources for prescribed correlation
properties, the key to improving the heralded generation
of single photons is to appropriately measure, via spec-
tral and temporal filtering, the signal photons that are
detected for heralding.
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